We present a far reaching generalization of a factorization theorem by Bhat, Ramesh, and Sumesh (stated first by Asadi) and furnish a very quick proof.
Theorem. Let E and F be Hilbert modules over unital C
* -algebras B and C, respectively.
Then for every linear map T : E → F the following conditions are equivalent:
1. T is a ϕ-map for some completely positive map ϕ : B → C.
2. There exists a pair (F, ζ) of a C * -correspondence F from B to C and a vector ζ ∈ F, and there exists an isometry v :
Proof. 2 ⇒ 1. ϕ := ζ, •ζ is that map.
1 ⇒ 2. By Paschke's GNS-construction for CP-maps [Pas73, Theorem 5.2], there exist a B-C-correspondence F and a vector ζ ∈ F such that ζ, •ζ = ϕ and F = span BζC. By The only purpose of this note was to provide an extremely short and easy proof of a considerable generalization of [BRS10, Theorem 2.1]. In this way, we wish to underline the enormous potential of Hilbert module techniques. A systematic investigation (for instance, adding more equivalent properties to the theorem, like extendability of T to a CP-map on the linking algebra), shall be carried out separately.
